We report on magneto-optical studies of Bi2Se3, a representative member of the 3D topological insulator family. Its electronic states in bulk are shown to be well described by a simple Diractype Hamiltonian for massive particles with only two parameters: the fundamental bandgap and the band velocity. In a magnetic field, this model implies a unique property -spin splitting equal to twice the cyclotron energy: Es = 2Ec. This explains the extensive magneto-transport studies concluding a fortuitous degeneracy of the spin and orbital split Landau levels in this material. The Es = 2Ec match differentiates the massive Dirac electrons in bulk Bi2Se3 from those in quantum electrodynamics, for which Es = Ec always holds.
The dispersion relations of genuine massive Dirac fermions in quantum electrodynamics are defined by two parameters: the energy gap 2∆ between particles and antiparticles and velocity parameter v D . At low energies, i.e., in the non-relativistic limit, these dispersions become parabolic and characterized by the same effective mass m D = ∆/v 2 D (rest Dirac mass). Such dispersions resemble the cartoon sketch of a direct gap semiconductor, which may be conventionally described using Schrödinger equation, completed by extra Pauli terms in order to include the spin degree of freedom. In contrast, no additional terms are needed when Dirac equation is employed, since it inherently accounts for spin-related effects. For instance, when the magnetic field B is applied, Dirac equation describes both cyclotron (E c ) as well as spin (E s ) splitting of the electronic states and implies that these two splitting energies are the same and linear with B in the non-relativistic approximation: E s = E c = ω c = eB/m D = e Bv 2 D /∆. For free electrons, this condition is equivalent to the effective g factor of 2 in E s = gµ B B (Bohr magneton µ B = e /2m 0 ) [11] .
In this Letter, we demonstrate experimentally that the conduction and valence bands of Bi 2 Se 3 are both, with a good precision, parabolic (perpendicular to the c-axis) and characterized by approximately the same effective mass. This crucial observation implies a great simplification of the multi-parameter Dirac Hamiltonian [5, 12] commonly used to describe the bands of this material.
The resulting simplified Dirac Hamiltonian differs from that of the genuine quantum electrodynamics system only by relevant (additional) diagonal dispersive terms, and importantly, it remains to be defined by two parameters only: by the bandgap energy 2∆ and velocity parameter v D . These are directly read from our optical experiments, or alternatively, the v D parameter may be taken from the measurements of the Bi 2 Se 3 Dirac-cone surface states [13] . Remarkably and in contrast to genuine Dirac fermions, the electrons in Bi 2 Se 3 approximately follow the rule that their spin splitting is twice the cyclotron energy E s = eBv 2 D /∆ = 2 ω c = 2E c . The effective mass, common for carriers in the conduction and valence bands, is thus roughly m e = m h = 2∆/v 2 D = 2m D and the spin splitting expressed in terms of the effective g factor, g e = g h = 2m 0 /m D . Our simplified view of the bands in Bi 2 Se 3 is not perfect (departures are extensively discussed), though it accounts well for the present experimental results as well as for a number of magnetotransport data reported in the past and agrees with the recent estimate of the electron g factor.
The presented experiments have been performed on a 290-nm-thick layer of Bi 2 Se 3 grown by molecular beam epitaxy on a semi-insulating InP(111)B substrate [14] ; for data obtained on another specimen prepared under analogous conditions see Supplementary materials [15] . (color online) Far infrared magneto-transmission spectra of the Bi2Se3 specimen. The infrared active phonon modes α and β are at higher magnetic fields accompanied by CR absorption, which follows linear in B dependence, see the inset, and implies the effective mass of electrons me = (0.140± 0.005)m0. The plotted transmission TB was normalized by that of the bare InP substrate.
the substrate to the epilayer, resulting in a complete suppression of twinning, which is otherwise a ubiquitous defect in Bi 2 Se 3 thin films. The after-growth annealing in the Se atmosphere, reducing the final density of Se vacancies, helped to keep the electron density below 10 18 cm −3
(with the mobility µ in the 10 3 cm 2 .V −1 .s −1 range), as confirmed in magneto-transport experiments. Importantly, the thin epitaxial layer of Bi 2 Se 3 enabled transmission experiments at photon energies above the fundamental interband absorption edge of this material. To measure the magneto-transmission spectra, a macroscopic area of the sample (∼4 mm 2 ) was exposed to the radiation of a globar, which was analysed by a Fourier transform spectrometer and, using light-pipe optics, delivered to the sample placed in a superconducting or resistive magnet. The transmitted light was detected by a composite bolometer placed directly below the sample, kept at a temperature of 1.6 K. All measurements were done in the Faraday configuration with light propagating along the c axis of Bi 2 Se 3 (z axis). In experiments performed with circularly polarized light, a glass linear polarizer and a zero-order MgF 2 quarter wave plates (centered at λ = 4 or 5 µm) were used. The optical response of the thin Bi 2 Se 3 layer has been probed in both far and middle infrared spectral regions. At low energies, the response, see Fig. 1 , is dominated by infrared active phonon modes α and β, which exhibit a weak coupling to the magnetic field [17] . At higher magnetic fields, cyclotron resonance (CR) absorption is well formed and it disperses linearly with B. The slope of this dependence provides us with an estimate of the electron effective mass: m e = (0.140 ± 0.005)m 0 , which well falls into a relatively broad range of values, m e = (0.12 − 0.16)m 0 , deduced from other experiments [18] [19] [20] [21] [22] . The interband absorption of Bi 2 Se 3 exhibits a fairly rich response in magnetic fields, see Fig. 2(a) . Firstly, at low B, a distortion of the absorption edge at the energy slightly above 200 meV appears. At higher fields (B > 10 T), the quantum regime is approached (µ.B > 1) and a series of interband interLandau level (inter-LL) resonances emerges. These resonances are almost equidistant in energy and follow nearly linear in B dependence, see Fig. 2(b) . The observed linearity of the optical response in B, in reference to intraband (CR absorption) as well as interband inter-LL excitations, points towards parabolic profiles of both conduction and valence bands. Let us reconcile this crucial experimental fact with the standard theoretical model of electronic bands in TIs from Bi 2 Se 3 family [5, 12] . Using a basis of spin-degenerate Se-and Bi-like p-orbitals, the authors of Refs. [5, 12] propose a 3D Dirac Hamiltonian (4 × 4), expanded to include the electron-hole asymmetry, uniaxial anisotropy (along the c axis), and importantly, the band inversion, giving thus rise to the TI phase (via dispersive diagonal terms). Since these are the k z = 0 states, which provide the dominant contribution to the magneto-optical response studied in our experiments, the situation further simplifies. The 3D Dirac Hamiltonian decouples into two complex-conjugate 2D Dirac-type Hamiltonians h and h * written in the basis of |Se ↓ , |Bi ↑ and |Se ↑ , |Bi ↓ , respectively:
where k ± = k x ± ik y . This Hamiltonian implies, in general, non-parabolic conduction and valence band profiles:
each exhibiting up to three local extremal points, depending on the strength of the interband coupling v D (effective speed of light), the electron-hole asymmetry parameter C, and the diagonal dispersive term M (negative for systems with the band inversion). The basis of the h Hamiltonian allows us to associate a given spin projection to each band: E c↓ and E v↑ . To satisfy the time-reversal and inversion symmetries of Bi 2 Se 3 , the Hamiltonian h * provides an analogous solution, with the spin projections rotated, E c↑ and E v↓ , so we finally obtain twice spin-degenerate conduction and valence bands. To make the above dispersions (2) parabolic in a broad range of energies, i.e., to make the model consistent with our magneto-optical data, the specific condition 
, for electrons and holes, respectively. Interestingly, the corresponding reduced mass equals to the Dirac mass:
Clearly, in the case of a relatively weak electron-hole asymmetry (C |M |), the expressions further reduce to m e ≈ m h ≈ 2m D . When the magnetic field is applied, the bands in Bi 2 Se 3 transform into Landau levels (LLs). The Dirac-type Hamiltonians h and h * give rise to particular electron and hole zero-mode LLs: E 0,e = ∆ + (C + M )eB/ and E * 0,h = −∆ + (C − M )eB/ . These zero-mode levels are typical of TIs (see, e.g., Refs. [3] ) -they disperse strictly linearly with B, they are spin polarized, insensitive to the strength of the interband coupling v D and they cross each other at the field of B c = ∆/|eM |. The LLs with higher indices (n > 0) follow, assuming parabolic bands with a relatively weak electron-hole asymmetry C |M | (a posteriori justified by our experimental data), nearly linear in B dependence. For h and h * Hamiltonians we get the LL spectrum: [15] . In analogy to massive particles in quantum electrodynamics, this spin splitting is given just by the energy bandgap (2∆) and the effective velocity of light (v D ) and it is the same for electrons and holes (particles and antiparticles). On the other hand, the effective masses of electrons and holes depend on the diagonal terms M and C and this implies a certain ratio, E s /E c > 1, between the cyclotron energy and spin splitting (notably, E c /E s = 1 always holds for free electrons in vacuum). The spin-splitting of electronic bands in TIs (with M < 0) should thus manifest at lower magnetic fields, prior to Landau level quantization cf. Figs. 3(a-c). This, in fact, accounts for the initial distortion of the absorption edge observed at low magnetic fields, see Fig. 2 (a). Interestingly, for rather small electron-hole asymmetry (
The Dirac Hamiltonian (1) in a magnetic field gives rise to two series of dipole-active inter-LL excitations n → n + 1 and n → n − 1, active in σ + and σ − polarized light, respectively. This has been corroborated both experimentally and theoretically, for instance, in the context of graphene [23, 24] . However, a closer look at the corresponding matrix elements shows that, in a gapped system (∆ = 0), n → n − 1 transitions dominate interband inter-LL absorption within the spectrum of the h Hamiltonian, and vice versa, the n → n + 1 series in the h * Hamiltonian, see Fig. 3 (c) for illustration and Supplementary materials [15] for details. This behavior may be viewed as a spin-dependent optical activity, implying necessity to reverse spin during the interband absorption. The interband excitations, E v↓ → E c↑ and E v↑ → E c↓ , connecting states within h * or h Hamiltonians, respectively, are thus active in σ + and σ − polarized radiation only. Notably, a similar situation is encountered in gapped graphene and transition-metal dichalcogenides, where valley-sensitive selection rules for circularly polarized light appear [25] . Let us also note that intraband (CR) absorption is always active in σ + and σ − polarized radiation for electrons and holes, respectively. 5 m/s, in perfect agreement with majority of ARPES studies [13, 27] .
Comparing the estimated Dirac mass with the electron mass (as deduced from CR absorption), we conclude that
). Neglecting this asymmetry completely, we remain with the Hamiltonian (1) with two independent parameters only: ∆ and v D . Interestingly, these two parameters, which can be easily read from infrared transmission experiments, fully describe the band structure of Bi 2 Se 3 : the energy bandgap of 2∆, effective masses
Notably, this match between twice cyclotron energy and spin splitting (2 eB/m e = g e µ B B) has been in the past found as a purely empirical fact in quantum oscillation experiments on Bi 2 Se 3 , see, e.g., Refs. [28, 29] . Here we show that this surprising match is not accidental and it straightforwardly follows from the Dirac-type Hamiltonian (1) applied to TI with a weak electron-hole asymmetry and nearly parabolic bands.
It should be also mentioned that within our "parabolic view" of electronic bands, Bi 2 Se 3 clearly becomes a direct-gap semiconductor. This is in agreement with recent experimental (ARPES) and theoretical studies, see, e.g., Refs. [30] [31] [32] [33] , however, in contradiction with other ARPES data, see, e.g., Refs. [13, 27] , in which the observed camel-back profile of the valence band indicated an indirect band gap. Intriguingly, our experiments, together with other optical studies performed on bulk or thin-film specimens, see, e.g., Refs. [34] [35] [36] , provide a significantly lower band gap (200 meV) as compared to values deduced from ARPES experiments (∼300 meV), see Supplementary materials [15] for further discussions. Now we will discuss the limits of our simplified twoparameter model (with parabolic bands and full electronhole symmetry), by confronting it with more detailed analysis of our experimental data. The real band structure of Bi 2 Se 3 may deviate by (i) appearance of the electron-hole asymmetry and (ii) the departure of bands from exact parabolicity. The electron-hole asymmetry is clearly demonstrated by m e < m h (m e < 2m D ), which translates into C = (3 ± 0.5) eV.Å 2 , but also by the difference in the corresponding g factors. The latter may be read from a small, but noticeable, splitting between L * n → L * n+1 and L n+1 → L n transitions in the spectra taken with a defined circular polarization of light, see the inset of Fig. 2(b) . It implies g e − g h ≈ 3, which may be explained as the contribution of the free-electron Zeeman term and influence of remote bands, described by, e.g., the Roth's formula [12, 37] . The deviations from bands' parabolicity imply the departure of inter-LL resonances from their linearity in B. Indeed, the transitions at higher energies and/or for higher LL indices, see Fig. 2(b) , slow down to a weak sublinear dependence. To describe this behavior, we have used the full (non-linearized) expressions for LLs, see Supplementary materials [15] , to fit the positions of individual resonances. We varied parameters v D , M and ∆, while fixing C ≡ 0, which has rather weak impact on the interband response. The best agreement is obtained for v D = (0.47 ± 0.02) × 10 6 m.s −1 , ∆ = (0.100 ± 0.002) eV and M = −(22.5 ± 1.0) eV.Å 2 . We may thus conclude that the condition 2 v 2 D = −4M ∆ is fulfilled within a few percent, which validates our view of parabolic bands in Bi 2 Se 3 . Moreover, since C/|M | ∼ 1/10, the system indeed exhibits rather high electron-hole symmetry. The deduced strength of dispersive diagonal terms, M and ∆, allows us to estimate the critical field B c , at which the zero-mode LLs cross each other, see Fig. 3(d) . At this magnetic field, Bi 2 Se 3 changes into a semi-metallic (= gapless) material, for which the extended 3D Dirac Hamiltonian implies, see Supplementary materials [15] , the linear in k z bands, E(k z ) = ± ṽ D |k z |, with a high (LL) degeneracy ζ = eB/ . The velocityṽ D is supposed to be slightly lower as compared to v D due to the uniaxial anisotropy of Bi 2 Se 3 [18, 29] . The pretty high value of B c ≈ 300 T, at the limit of currently available (semidestructive) pulsed-field techniques [38] , makes the exploration of this interesting critical point difficult. However, this crossing field B c is expected to be lower in other TIs from the Bi 2 Se 3 family, with a lower band gap, e.g., in Bi 1−x Sb x for rather low Sb concentrations [4] . In conclusion, we have shown that the band structure of Bi 2 Se 3 can be, in very good approximation, described by a simple Dirac-type Hamiltonian with only two free parameters: the effective velocity parameter v D and the band gap 2∆. This simplified model provides us with 
where
y . In the simplified model, employed in the main text, we restrict this Hamiltonian by neglecting the k 3 terms and redefine
To examine the Landau level structure, we introduce the magnetic field (along the z axis) by means of the Peierls substitution k −→ π := k + eA , where A is the vector potential, B = ∇ × A and B z. In the quantizing magnetic fields, the LL spectrum of electrons and holes takes the form of E n,e (k z ) and E n,h (k z ). The inversion symmetry of the system implies: E n,e/h (k z ) = E n,e/h (−k z ) and therefore dE n,e/h /dk z = 0 at k z = 0. This induces a series of singularities in the density of states for electrons and holes, but importantly for our case, also in the joint density of states (for each LL and inter-LL resonance, respectively). Using a parabolic expansion in k z (approximately valid for k z ≈ 0), we get the characteristic ρ e−h (ω) ∝ 1/ √ ω − E profiles in the vicinity of each resonance in the joint density of states. Such a profile is typical of 1D systems with a parabolic dispersion. The singularities in ρ e−h , in reality smoothed by disorder, give rise to the experimentally observed inter-LL resonances. In principle, more complex Landau level profiles in the momentum k z may provide further singularities/resonances (due to states at k z = 0), nevertheless, we did not identify any such transitions in our magneto-transmission spectra. The magneto-optical response of Bi 2 Se 3 (B z) is thus dominantly determined by k z = 0 states. For k z = 0, the 3D Hamiltonian (3) reduces to two 2D Dirac-like Hamiltonians:
that will be referred to as the "full model" in the following discussion. Now, without k z terms, we have (π) = Cπ 2 , where C breaks the particle-hole symmetry. M(π) is the k dependent mass term M(π) = ∆ + M π 2 with ∆ determining the band gap E g = 2∆ at k = 0. To study the formation of LLs, we introduce the ladder operators:
with the magnetic length l B = eB . These operators obey the standard relations [a, a † ] = 1, a |n = √ n |n − 1 and a † |n = √ n + 1 |n + 1 . Using the definitions (5), we can rewrite h 0 (π) in terms of the raising and lowering operators:
The form of this Hamiltonian suggests the following ansatz for the eigenstates:
Φ n =0 = c n1 |n c n2 |n − 1 and Φ 0 = |0 0 with n|m = δ nm .
Solving the Schrödinger equation, we find the LL spectrum:
where s e = +1 for electrons and s h = −1 for holes. Note that each state with the energy of E n≥1,α is always a superposition of the |Se, n, ↓ level and the |Bi, n − 1, ↑ level. In contrast, the E 0,e state is fully polarized as a |Se, ↓ level. The presence of such polarized zero-mode LLs is characteristic of Dirac-type Hamiltonians and it is well-known, e.g., from physics of graphene [S3] . However, in graphene, the zero-mode levels (at K and K points) are polarized in pseudospin not in real spin as in the case of Bi 2 Se 3 .
The Landau levels for the h * 0 Hamiltonian are found in an analogous way. Here, we take
as the ansatz for the eigenstates and get LLs for the h * 0 Hamiltonian:
Note that " * " just denotes energies/states belonging to the h * 0 Hamiltonian and does not stand for complex conjugation. We will keep this notation in the next sections. For the h * 0 Hamiltonian, the state with the energy E n≥1,α is always a superposition of the |Se, n − 1, ↑ level and the |Bi, n, ↓ level. Again, the zero-mode LL is fully spin-polarized, in this case as a |Bi, ↓ state. The LL spectrum of the Hamiltonian (4) (calculated within the full model) is plotted in Fig. 4 for parameters derived from our magneto-optical experiments, together with electric-dipole transitions discussed later on in detail. To simplify the LL spectra of the h 0 and h * 0 Hamiltonians, we assume perfectly parabolic bands (A bands. Nevertheless, for low-energy/low index levels we may always find the dominant state in this superposition, see Fig. 6 . We may conclude that the eigenstates of the h 0 Hamiltonian with the energies of E n,e and E n,h can be considered as selenium-like spin-down (E 
DEFINITION OF G FACTORS
For B = 0 T the energy states in our system are spin degenerate as required by time-and inversion-symmetry of Bi 2 Se 3 . When the magnetic field is applied, this spin degeneracy of states is lifted due to the magnetic moment µ of electrons. This splitting may be described by a corresponding effective g factor in the Zeeman term, E Z = −µB, with µ = gµ B s/ . The total g factor comprises three contributions. As shown in our experiments, and by the subsequent data analysis, the main contribution results from the strong the spin-orbit coupling in Bi 2 Se 3 , which is inherently included within the Hamiltonian (3). Further (minor) corrections come from the free electron g 0 ≈ 2 factor (free-electron Zeeman term) and a perturbative contribution from remote energy bands [S4] . From the previous section, we know that, for small level indices n and low energies, LLs are nearly spin polarized. . Probability density of the energy states being Bi-like (dark color) or Se-like (light color) with corresponding spinpolarization. ne and nh denote the LL with index n for electron (e) or hole (h) states. This probability is shown in the part (a) for LLs belonging to the h0 Hamiltonian, where these levels are a mixture of |Se, ↓ and |Bi, ↑ states. The part (b) shows this probability for the h * 0 Hamiltonian, where LLs are a mixture of |Se, ↑ and |Bi, ↓ states. Apart from the zero-mode LLs, one can see that the spin-polarization becomes weaker with increasing magnetic field. However for magnetic fields B 40 T and low level indices the dominant spin polarization of the energy states stays the same as in the B −→ 0 T limit.
In addition, the Landau levels in the valence and conduction bands are bismuth-and selenium-like, respectively. Following this fact, we can express the g factors of charge carriers, in the conduction (c) and valence (v) bands, in terms of LLs calculated from the Hamiltonian Eq. (4):
This definition of the g e/h factors for electrons and holes is consistent with magnetic-dipole selection rules: n → n ± 1, which interconnect states belonging to the h 0 and h * 0 Hamiltonians [S5] . In addition, we may crosscheck this definition by taking genuine Dirac particles (electrons) in the vacuum. (10), i.e., not linearized in B, the g factors for electrons and holes slightly differ and also gain a weak magnetic-field and Landau-level-index dependence, see Fig. 7 . Nevertheless, this is not sufficient to account for the experimentally observed difference, g e − g h ≈ 3, derived from our data in the main text. This may only be explained by further corrections (the Zeeman term with the free-electron g 0 = 2 factor and the influence of remote bands).
ZERO-MODE LANDAU LEVELS IN HIGH MAGNETIC FIELDS
In high magnetic fields, the spin-polarized zero-mode LLs E e,0 = ∆ + (
approach each other and become well separated from the rest of levels. In such a case, we can describe them by an effective Hamiltonian: 
SELECTION RULES AND MATRIX ELEMENTS
To describe the response of our system to an externally applied electromagnetic field, we employ the standard (linearresponse) Kubo-Greenwood formalism. For σ ± polarized radiation, the optical conductivity tensor, in a system with eigenstates |Ψ n and corresponding energies E n , reads:
where f n is the occupation factor, γ the phenomenological broadening parameter andv ± the velocity operators. The matrix elements Ψ n |v ± (B)|Ψ n determine the active electric-dipole transitions (selection rules) between different eigenstates. The velocity operator can be directly obtained from Eq. (4) by
∂πi , where i = x, y and
Notably, these velocity operators (with two independent 2×2 diagonal blocks) imply that the electric-dipole transitions are not active between pairs of LLs belonging to different Hamiltonians h 0 and h * 0 . This is different from magneticdipole transitions, which connect states originating in different Hamiltonians h 0 and h * 0 . Taking the eigenstates |Ψ n , i.e., LLs expressed by Eqs. (7) and (9) arranged as:
we may calculate the selection rules sensitive to the circular polarization of the infrared radiation:
are amplitudes belonging to transitions within the h 0 and h * 0 Hamiltonians, respectively. Importantly, we get the same selection rules for electric-dipole transitions between LLs belonging to the h 0 and h * 0 Hamiltonians, n → n ± 1. Nevertheless, the corresponding amplitudes F n and F * n may strongly differ. Here we should again recall that the " * " symbol refers to the given sub-Hamiltonian h * 0 and does not denote the complex conjugation (|F * n | = |F n |). The difference in amplitudes is clearly seen in the matrix elements for interband inter-LL absorption, see Fig. 8 . The interband inter-LL absorption between levels belonging to the Hamiltonians h 0 and h * 0 is dominantly active in σ − and σ + polarized radiation, respectively.
•
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ENERGY BAND GAP OF BI2SE3
The magneto-transmission experiment, presented in this paper, provides a fairly precise estimate of the energy band gap in Bi 2 Se 3 : 2∆ = (200 ± 4) meV. This result is in very good agreement with other optical studies. For instance, it matches well the value of ∼ 175 and 160 meV expected for the band gap at low temperatures, as extracted from extensive reflectivity measurements on a series of bulk specimens with different electron densities in Refs. [S8] and [S9] , respectively. Similarly, our results correspond very well to conclusions of recent low-temperature infrared transmission studies performed on thin layers of Bi 2 Se 3 (a series of samples with thicknesses below 100 nm) prepared by molecular beam epitaxy on a (111) oriented silicon substrate [S10] . On the other hand, ARPES studies of bulk Bi 2 Se 3 report gap values close to 300 meV, see, e.g., Refs.[S11-13], which are significantly higher as compared to our results and other optical studies, which may invoke questions about the nature of the thin Bi 2 Se 3 samples studied in these works. It is, for instance, not a priori clear whether and how the substrate properties and particular growth conditions influence the observed energy band gap and the overall band structure. To provide another independent verification of the band gap value deduced optically, we have performed lowtemperature infrared transmission measurements on thin self-standing Bi 2 Se 3 layers, prepared simply by slicing bulk crystals. A typical infrared transmission spectrum is plotted in Fig. 9 . This spectrum has been measured on a 10 µm-thick specimen, with the electron concentration close to 10 18 cm −3 . This density has been deduced from magneto-transport measurements and it is comparable (slightly higher) with respect to the electron density in the thin film of Bi 2 Se 3 studied in our magneto-transmission experiments. The presented transmission spectrum exhibits a fairly sharp high energy cut-off at E g ≈ 250 meV. This provides us with a well-defined upper bound for the electronic band gap of Bi 2 Se 3 , 2∆ < E g , as schematically depicted in the inset of Fig. 9 . Clearly, this high-energy cut-off is significantly below the band gap of 300 meV, which is deduced from ARPES measurements. Instead, in our case, the band gap should approach 2∆ ≈ E g − 2E F ≈ 200 − 210 meV, as implied by the Burstein-Moss shift in materials with high electron-hole symmetry (m e ∼ m h ). The Fermi level has been estimated as E F = 20 − 25 meV for the given electron density. To conclude, the ARPES data indicate the band gap, which is significantly higher as compared to rather direct optical measurements presented in this paper as well as those performed by other groups. At present, we do not have a clear explanation for this intriguing difference, nevertheless, we speculate that ARPES is, as a matter of fact, a surface-sensitive technique. As such, the deduced band gap might be influenced by specific band-bending effects on the samples' surfaces, notably in the system with an inversed order of electronic bands. This difference clearly shows that the consensus about the size of the band gap in Bi 2 Se 3 has not yet been established. This includes also on-going discussions, one versus another ARPES data, about the direct/indirect nature of the band gap in this material, see Refs. [S11-15] .
ADDITIONAL EXPERIMENTAL DATA
Here we present complementary experimental data, obtained in high-field infrared magneto-transmission experiments performed on a 102 nm-thick Bi 2 Se 3 layer on a InP(111)B substrate. This sample was prepared using MBE technique under conditions analogous to the 290-nm-thick sample described in the main part of the paper and it is weakly n-doped with the electron density slightly below 10 18 cm −3 . In spite of a lower signal-to-noise ratio obtained on this thinner sample, the observed magneto-optical response, see Figs. 10 and 11, allows us to draw the same conclusions about the electronic band structure of Bi 2 Se 3 as in the case of the 290-nm-thick specimen. The overall linear in B optical response, including intraband and interband inter-LL resonances, points towards parabolic profiles of both conduction and valence bands. The Dirac mass and the band gap (derived from the separation and low-magnetic-field extrapolation of resonances in Fig. 10, respectively) as well as the effective mass of electrons (read from CR absorption in Fig. 11 ) are nearly identical to values obtained from the 290-nm-thick sample: m D = (0.080 ± 0.005)m 0 , 2∆ = 190 ± 5 meV and m e = (0.14 ± 0.1)m 0 . The parabolic profiles of electronic bands together with the condition m e ≈ 2m D thus imply also for this Bi 2 Se 3 sample the specific match between spin-splitting and cyclotron energy (E s = 2E c ).
In our deeper analysis, we compared (fitted) the experimentally read positions of resonances with theoretically expected transition energies calculated using full (non-linearized) expressions for LLs Eqs. (8) and (10) deviation from the condition 2 v 2 D = −4M ∆ for the exact parabolicity of electronic bands does not exceed a few percent for this set of parameters. This provides us with another justification for our approximation in which we describe the band structure of Bi 2 Se 3 using a simplified Hamiltonian implying only two parameters: the band gap 2∆ and the velocity parameter v D .
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I n P r e s t s t r a h l e n b a n d Fig. 11 . Far infrared magneto-transmission spectra of the 102-nm thick Bi2Se3 on a InP substrate. The CR absorption is manifested as a dip in the relative magneto-transmission spectra TB/T0 (denoted by vertical arrows) and follows linear in B dependence, which implies the effective mass of electrons me = (0.14 ± 0.01)m0, see the inset. At higher magnetic fields, the response at low energies is characterized by field-induced transmission, TB/T0 > 1, which is due to suppressed zero-field Drude-type absorption, see Ref. [16] for analogous behavior in highly doped graphene. At low energies, a pronounced effect of interaction between CR and α and β phonon modes are also observed (cf. Fig. 1 in the main part of the paper).
